Let R be a duo ring. An unital R-module M is said to have property (S) if every injective endomorphism of M is an automorphism. The ring R is called SCS-duo-ring if every R-module with property(S) is finitley cogenerated. In this note we show that the following conditions are equivalent: (i) R is an Artinian principal ideal duo ring; (ii) R is a SCS-duo-ring.
INTRODUCTION
Let R be an associative ring with unity 1 = 0. A left R-module M is said to have property (I) (resp.property (S)), if every injective (resp. surjective) endomorphism of M is an automorphism of M. It is well known that an Artinian (resp. Noetherian) left module satisfies property (I) (resp. (S)) and the converse is not true. A ring R is called a left I-ring (resp. S-ring) if every left R-module with property (I) (resp. property (S)) is Artinian (resp. Noetherian). If R is a commutative ring (resp. commutative ring whose prime ideals are maximal) every finitely generated module satisfies property (S) ( [9] ) (resp. (I) ( [10] )) and the converse is not true. A ring R is called a left F GI-ring (resp. left F GS-ring) if every left R-module with property (I) (resp.property (S) is finitely generated. R is a duo ring if every one sided ideal is two sided. It has been proved that if R is a duo ring, then the classes of S-rings, I-rings, F GI-rings and F GS-rings are exactly the class of Artinian principal ideal rings ( [2] , [3] , [4] , and [6] ). An R-module M is said to be finitely cogenerated if its socle is essential in M and finitely generated; the ring R is called SCS-ring if property (S)) characterizes finitely cogenerated modules. In this paper, we show that for duo-ring R the following conditions are equivalent: (i) R is an Artinian principal ideal ring; (ii) R is a SCS-ring. All rings are associative with 1 = 0 and all modules are unitary. If R is a ring, we note by J(R) or simply by J the Jacobson radical of R and by radR the prime radical of R. The socle of a R-module M will be noted soc(M). The reader may refer to [1] for any notions not defined in this paper.
CONSTRUCTION OF A NON FINITELY COGENERATED MODULE WITH PROPERTY (S) OVER A LOCAL ARTINIAN RING WHOSE MAXIMAL IDEAL IS NOT PRINCIPAL
Let R be a commutative local Artinian ring which is a non principal ideal ring. We may suppose without loss of generalities that the ring R is local Artinian with Jacobson radical J = aR + bR where a 
CHARACTERIZATION OF SCS-DUO-RINGS

Proposition 2.1. Let R be an SCS-duo-ring. If R is an integral domain, then R is a division ring.
Proof. Let K be the division ring of the integral domain R. The R-module R K satisfies property (S). Therefore, R K is finitely cogenerated.Thus,soc
The map: ϕ : R R −→ S = Ra x → xa is an isomorphism of R-modules. Therefore R R is simple. For every b ∈ R\{0} we have R = Rb = Rb 2 , then b = cb 2 for some c ∈ R. It follows that 1 = cb and 1 ∈ Rb = bR which implies that 1 = bd for some d ∈ R. Thus b is left and right invertible, so b is invertible. (2) By (1) the Jacobson radical is equal to the prime radical and consequently it is nil. (3) Let D be the set of all prime ideals of R. If P and P are two elements of D such that P P , then Hom(R/P, R/P ) = {0} (see [8] ) lemma 2). Therefore, the semisimple R-module M = P ∈D R/P satisfies property (S), so soc(M) = M is finitely cogenerated. It follows that M is finitely generated and then D is a finite set. (2) ⇒ (1) By [7] , condition (2) implies that every R-module with property (S) is finitely generated and consequently is finitely cogenerated by proposition 2.7 .Thus R is a SCS-ring.
